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Abstract
Let G be a reductive algebraic group over an algebraically closed ﬁeld k of characteristic p> 0
with g= Lie(G). In this paper the authors investigate the following problem. Given a nilpotent orbit
O in the restricted nullconeN1(g), construct a ﬁnite-dimensional (tilting) G-module such that the
support variety of M,Vg(M), is the closure of O.
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1. Introduction
1.1.
In the early 1980s, Carlson [4] used the spectrum of the cohomology ring to deﬁne
varieties associated to modules over group algebras. These varieties are often called support
varieties. Carlson showed that given a closed conical subvariety Z inside the support variety
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of the trivial module, there exists a ﬁnite-dimensional module for the group algebra whose
support variety is precisely Z.
Friedlander and Parshall [12], in the mid 1980s, subsequently extended the theory of sup-
port varieties to ﬁnite-dimensional restricted Lie algebras over algebraically closed ﬁelds
k of characteristic p> 0. Let Vg(M) denote the support variety of a ﬁnite-dimensional
module M over a ﬁnite-dimensional restricted Lie algebra g. By deﬁnition Vg(M) is
a closed subvariety of the support variety Vg(k) of the trivial g-module k. Their work
along with results of Jantzen [19] and Suslin, Friedlander and Bendel [34] demonstrated
that Vg(k) can be identiﬁed with the restricted nullcone N1(g) = {x ∈ g | x[p] = 0}.
At the end of their paper, Friedlander and Parshall [12, Section 3] posed the following
questions.
(1.1.1) Forwhichﬁnite-dimensional restrictedLie algebrasgover k, isVg(k) irreducible?
(1.1.2) Let G be a connected reductive algebraic group over k with g= Lie(G). Given a
G-stable closed conical subvariety Z inVg(k), is there a ﬁnite-dimensional G-module M
withVg(M) = Z?
Assume that g = Lie(G) for a connected reductive algebraic group G. ThenN1(g) is
a G-invariant closed subvariety inside the nullcone N(g) of g. If ph where h is the
Coxeter number of G, then we haveN1(g) =N(g), and hence (1.1.1) is true in this case.
Moreover, Parshall,Vella and the ﬁrst author [30] have recently proved thatN1(g) is indeed
irreducible when p is good. In fact,N1(g) is the closure of some Richardson orbit. Carlson,
Lin, Parshall and the ﬁrst author [7] provided an explicit description of the Richardson orbit
determining the restricted nullcone.
The aim of this paper is to investigate the question (1.1.2). Using the same proof given by
Carlson, one can easily show there is a restricted g-module whose support is Z. However,
not every module for the Lie algebra g lifts to a module for the algebraic group G. Pevtsova
[31, Corollary 3.11] has shown that (1.1.2) has an afﬁrmative answer when the assumption
on ﬁnite-dimensionality is dropped.
Since there are ﬁnitely many G-orbits on N1(g), question (1.1.2) is equivalent to the
following question.
(1.1.3) Given an orbitO inN1(g), is there a ﬁnite-dimensionalG-module whose support
variety is O?
Jantzen [20, 2.8] ﬁrst demonstrated that (1.1.3) has an afﬁrmative answer when the
root system  = An, and  = B2. During a recent workshop at the Korea Institute for
Advanced Study on modular representation theory, Parshall proposed a stronger version
of (1.1.3).
(1.1.4) Given an orbit O inN1(g), is there a ﬁnite-dimensional G-module with a good
ﬁltration whose support variety is O?
The question (1.1.4) is equivalent to the statement when good ﬁltration is replaced by
Weyl ﬁltration because the support varieties of M and its contragredient dual module M∗
are equal. By [7, Theorem 4.8] (1.1.4) has a positive answer when p is good and  is any
irreducible root system (i.e. An, Bn, Cn, Dn, E6, E7, E8, F4 and G2) for any Richardson
orbit insideN1(g). In this situation each Richardson orbit can be realized as the support
variety of an induced module. One can even formulate a stronger version of (1.1.4).
(1.1.5) Given an orbit O in N1(g), is there a tilting G-module whose support variety
is O?
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Themain results of this paper involve constructing tiltingmoduleswhose support varieties
realize orbit closures. Our results indicate that the tilting modules will be the appropriate
class of G-modules to represent the entire collection of orbit closures as support varieties.
Furthermore, our ﬁndings are consistent in spirit with Humphreys’conjecture on the support
varieties of tilting modules for ph [18, Section 12]. For a proof of this conjecture in the
quantum group case we refer the reader to [3]. However, it should be pointed out that our
results differ from the point of view of the conjecture because we are not just considering
tilting modules corresponding to regular dominant integral weights. In [30], it was shown
that the closures of Richardson classes in the restricted nullcone can be represented by
using Weyl modules. This correspondence led to a new representation theoretic proof of
the Johnston–Richardson theorem. Indeed, a correspondence between tilting modules and
general orbit closures would be highly desirable because it may lead to some new and
interesting insights for both sets of objects.
1.2.
The paper is organized as follows. Throughout this paper we will always assume that the
underlying characteristic of the ﬁeld is good. In Section 2 the basic concepts for this paper
are outlined.At the end of the section, (1.1.5) is veriﬁed for all Richardson orbits contained
in N1(g) via simple tilting modules. In Section 3, we provide an afﬁrmative answer to
(1.1.5) for classical simple Lie algebras (where the root system  is of type An, Bn, Cn or
Dn). In Section 4, we investigate (1.1.2)–(1.1.4) for the exceptional simple Lie algebras.
It is proved that for  of type G2 and F4 (1.1.3) has an afﬁrmative answer. For the other
exceptional algebra =E6, E7, E8, we provide an afﬁrmative answer to (1.1.3) for all but
a small number of non-Richardson orbits. Improvements to these results (i.e. afﬁrmative
answers to (1.1.5)) for the exceptional Lie algebras E6, E7, E8, F4, G2 can be made if the
prime is sufﬁciently large.
2. Preliminaries
2.1.
Let k be an algebraically closed ﬁeld of characteristic p> 0. Let g be an arbitrary ﬁnite-
dimensional restricted Lie algebra over k and let u(g) be its restricted enveloping algebra.
It is well-known that u(g) is a ﬁnite-dimensional cocommutative Hopf algebra. Set
H(u(g), k) =
{
H2•(u(g), k) if char k = 2,
H•(u(g), k) if char k = 2.
The cohomology ringR=H(u(g), k) is a commutative, ﬁnitely generated k-algebra [14,12].
Given a ﬁnite-dimensional u(g)-module M, deﬁne the support varietyVg(M) as follows.
Let J := J (M) be the annihilator ideal in R for its action on Ext•u(g)(M,M). The support
variety Vg(M) is deﬁned as the maximal ideal spectrum of R/J . Support varieties are
compatible with taking direct sums and tensor products of modules. For ﬁnite-dimensional
u(g)-modules, M and N, one has the following properties [12, Proposition 2.1(b)(c)]:
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(2.1.1)Vg(M ⊕ N) =Vg(M) ∪Vg(N)
(2.1.2) Vg(M ⊗ N) =Vg(M) ∩Vg(N).
Let G be an algebraic group over k and g= Lie(G). The Lie algebra g is a restricted Lie
algebra with p-mapping x → x[p]. According to [34, (1.6), (5.11)],
(2.1.3) Vg(k)N1(g) := {x ∈ g : x[p] = 0 }.
Furthermore, under this identiﬁcation, if M is a ﬁnite-dimensional u(g)-module then
(2.1.4) Vg(M){x ∈ g : x[p] = 0, M is not free as u(〈x〉)-module} ∪ {0}.
The group G acts onN1(g) by conjugation and if M is a G-module, thenVg(M) is a
G-stable subvariety ofN1(g). Let G be a closed subgroup of an algebraic group K with
Lie(K) = k. If M is a ﬁnite-dimensional K-module M one has by [12, Proposition 2.1a]
(2.1.5) Vg(M) =Vk(M) ∩ g
which shows that support varieties behave naturally with respect to inclusions.
2.2.
In the rest of this paper, letGbe a simple algebraic groupdeﬁnedover k. LetTbe amaximal
torus of G. We denote its character group by X(T ) and set X∗(T ) = HomZ(X(T ),Z).
The canonical pairing X(T ) × X∗(T ) → Z is denoted by (, ) → 〈, 〉. The root
system  with respect to (G, T ) is identiﬁed with a subset of X(T ). We ﬁx a set + of
positive roots and set − = −+. The set of simple roots determined by + is denoted by
={1, . . . , }. We will use the same ordering of simple roots given in [21] following the
standard conventions in Bourbaki. LetW be the Weyl group and the Wp be the afﬁne Weyl
group associated to .
For  ∈ we denote the corresponding coroot by ∨ ∈ X∗(T ). The Coxeter number h is
deﬁned byh=〈, ∨0 〉+1,where is the half-sumof positive roots and 0 is the highest short
root. For 1 i, leti be the fundamental dominant weight satisfying 〈i , ∨j 〉=ij . The
dominant weights X(T )+ consist of those  ∈ X(T ) with 〈, ∨i 〉0, 1 i. Let B ⊃ T
be the Borel subgroup deﬁned by the negative roots −+. If J ⊂  then PJ = LJUJ is
the parabolic subgroup determined by J with Levi factor LJ . Let g, b, pJ , uJ be the Lie
algebras of G, B, PJ , UJ .
Throughout this paper we will always assume that p is a good prime for . A prime is
good if and only if the prime does not appear as a coefﬁcient in the decomposition of a root
into simple roots. A list of good primes is provided below.
•  of type An, all primes.
•  of type Bn, Cn, Dn, p3.
•  of type E6, E7, F4, G2, p5.
•  of type E8, p7.
LetN(g) be the variety of nilpotent elements of g. The varietyN(g) is often called the
nullcone. The nullcone is an irreducible variety of dimension equal to ||. The group G
acts onN(g) via conjugation andN(g) has ﬁnitely many G-orbits. For good primes the
classiﬁcation and structures of these orbits coincide precisely with the orbit theory for
complex simple Lie algebras (see [8,9,11,17]). We also note that the closure relations on
orbits are given in [15] for classical groups, [28,29] forE6,E7,E8, and [33] forF4. If J ⊆ 
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then G · uJ is a closed, irreducible subvariety ofN(g) of dimension equal to 2 dim uJ .
There exists a unique dense open G-orbit in G · uJ . Orbits which arise in this way are the
Richardson orbits in g.
For a given G-module M, let M∗ be the contragredient dual of M and let M	 denote
the transposed dual of M as deﬁned in [21, II 2.12]. For  ∈ X(T )+, let H 0() be the
induced module indGB (). Also, let V () be the corresponding Weyl module, and L() be
the simple G-module with highest weight . One has V ()indGB ()
	
. Moreover, H 0()
and V () have the same characters described by Weyl’s character formula. A ﬁltration of a
G-module is called good if each subquotient relative to the ﬁltration is isomorphic toH 0()
for some  ∈ X(T )+.AG-moduleM is called tilting if bothM andM	 have good ﬁltrations
(see [21, II.E]). For  ∈ X(T )+ there exists a unique indecomposable tilting module T ()
with highest weight . Any tilting G-module is a direct sum of the indecomposable tilting
modules. Finally, if H 0() is a simple G-module, then H 0()V ()L() = T ().
2.3.
From our discussion in Section 2.1,N1(g) is aG-stable subvariety of the nullconeN(g).
The variety N1(g) in this context is called the restricted nullcone. Since the restricted
nullcone is a G-invariant closed subvariety ofN(g), it follows that if M is a G-module then
Vg(M) is a ﬁnite union of closures of orbits of which there are ﬁnitely many possibilities.
For  ∈ X(T ), consider the set
 = { ∈  : 〈+ , ∨〉 ∈ pZ}.
Since p is good there exists a w ∈ W such that w() = J for some J ⊆ . Note that
w() = w· and  = +p
 for all , 
 ∈ X(T ) and w ∈ W . The following result [30,
(6.2.1) Theorem] provides a description of the support varieties of the modules H 0() for
 ∈ X(T )+ in terms of closures of Richardson orbits.
Theorem 2.3. Let  ∈ X(T )+ and w ∈ W such that w() = J for some J ⊆ . Then
Vg(H
0()) = G · uJ .
The preceding result shows that N1(g) = Vg(k) = G · uJ for some J ⊆ .
This demonstrates that N1(g) is an irreducible variety whose dimension is equal to
dimG · uJ = || − |0|. An explicit description of N1(g) was recently provided in
[7, Section 4.4].
In [7], it was shown that for  an irreducible root system, restricted parabolics are
equivalent to strongly restricted parabolics. From this statement, one can deduce that if
G · uJ ⊆N1(g) then there exists  ∈ X(T )+ such that G · uJ =Vg(H 0()).
2.4.
Richardson orbits: Let↑ be the Strong Linkage relation onX(T ) as deﬁned in [21, II 6.4]:
 ↑  if and only if there exist 1, 2, . . . , t ∈ X(T ) and reﬂections s1, s2, . . . , st+1 ∈ Wp
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such that
s1 · = 1s2 · 1 = 2 · · · st · t−1 = tst+1 · t = ,
where · denotes the “dot action” of the afﬁneWeyl group. We will now show that Theorem
2.3 can be used to realize the closures of Richardson orbits via tilting modules.
Theorem 2.4. Let G be a simple group with p good. If O is a Richardson orbit inN1(g)
then there exists a simple tilting G-module M such thatVg(M) = O.
Proof. Let O be a Richardson orbit inN1(g). According to [7, Theorem 4.8] there exists
 ∈ X(T )+ such thatVg(H 0())=O. Let Y ={ ∈ X(T )+ :  ↑ }. ThenY is a non-empty
ﬁnite set of dominant weights and must have a minimal element with respect to ↑. Let  be
a minimal element inY. It follows by [21, II 6.16 Proposition] that M := H 0() is a simple
module and M = T (). Furthermore,
O=Vg(H 0()) =Vg(H 0()) =Vg(M)
by the fact that  and  are linked under the action of Wp and Theorem 2.3. 
We should note that not every orbit closure can be realized as the support variety of a
simple G-module. The result above shows that for  of type An, every orbit closure in
N1(g) is the support variety of some simple G-module because all orbits in this case are
Richardson. For of typeB2 andG2, it was shown in [30, (6.6.1) Corollary] that the closure
of the minimal orbit cannot be realized as the support variety of a simple G-module.
3. Classical groups
3.1.
Let G be a simple algebraic group and  : G → SL(V ) be a faithful representation of
G. Our ﬁrst result provides sufﬁcient conditions for when an induced module H 0() for
SL(V ) admits a good ﬁltration upon restriction to G.
Proposition 3.1. Let G be a simple algebraic group and  : G ↪→ K := SLN(k) be a
faithful representation of G. Let1,2, . . . ,N−1 be the fundamental weights for the root
system corresponding to K. For a dominant weight  for K we denote the corresponding
induced module for K by H 0K().We assume that H 0K(i )|G admits a good G-ﬁltration for
each i = 1, 2, . . . , N − 1.
(a) If a K-module M admits a good K-ﬁltration, thenM|G also admits a good G-ﬁltration.
(b) If M is a tilting K-module, then M|G is a tilting G-module.
Proof. By using the 	-duality part (b) follows from part (a). We proceed to prove part (a).
Without a loss of generality one may reduce to the case when M := H 0K() for a dominant
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weight  = n11 + n22 + · · · nN−1N−1. Set N = H 0K(1)⊗n1 ⊗ H 0K(2)⊗n2 ⊗ · · · ⊗
H 0K(N−1)
⊗nN−1
. Then we have an exact sequence
0 → L → N → M → 0
of K-modules, where L denotes the kernel of the canonical K-homomorphism N → M
([21, II 14.20 Proposition]).
We ﬁrst show that L admits a good K-ﬁltration. This is equivalent to Ext1K(VK(), L)=0
for any dominant weight , where VK() denotes the Weyl module for K with highest
weight . The module N has a good K-ﬁltration because it is a tensor product of induced
modules [25]. Therefore, we have an exact sequence
0 → HomK(VK(), L) → HomK(VK(), N) → HomK(VK(),M)
→ Ext1K(VK(), L) → 0.
If = ,wehaveHomK(VK(),M)=0 [21, II 4.13Proposition] andhenceExt1K(VK(), L)= 0. If  =  then HomK(VK(), L) = 0 because the weights of L are less than  and
HomK(VK(),M)k [21, II 4.13 Proposition]. Now by taking the transposed dual 	, one
has
N	VK(1)⊗n1 ⊗ VK(2)⊗n2 ⊗ · · · ⊗ VK(N−1)⊗nN−1 .
It follows that by using this isomorphism and Frobenius reciprocity
HomK(VK(), N)HomK(N	, H 0K())HomB(N
	, )k.
Here B is the Borel subgroup of K. The last isomorphism uses the fact that the dimN	 = 1
and all other weights are strictly less than . Consequently, Ext1K(VK(), L)= 0 and L has
a good K-ﬁltration.
Now let us show that M|G = H 0K()|G has a good G-ﬁltration by induction on . We
have to show Ext1G(V (),M|G)= 0 for any dominant weight  for G. From the long exact
sequence one has
→ Ext1G(V (), N |G) → Ext1G(V (),M|G) → Ext2G(V (), L|G) → .
It sufﬁces to show that Ext1G(V (), N |G) = Ext2G(V (), L|G) = 0. Hence it is enough to
show that both N |G and L|G admit good G-ﬁltrations. The assertion for N |G follows from
our assumption, and the one for L|G is a consequence of the hypothesis of induction since
L admits a good K-ﬁltration and because all the weights of L are less than . 
3.2.
Set N := N(l) = 2l + 1 (resp. 2l) for  or type Bl (resp. Cl or Dl). Consider the
groups G = SON(k) (resp. SpN(k), SON(k)). There exists an embedding via the standard
representation of G into SLN(k).
Theorem 3.2. Let G be as above and let  : G ↪→ K := SLN(k) be the embedding via
the standard representation.
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(a) If a K-module M admits a good ﬁltration, then M|G also admits a good ﬁltration.
(b) If M is a tilting K-module, then M|G is a tilting G-module.
Proof. From Proposition 3.1, it sufﬁces to show that H 0K(i )|G has a good G-ﬁltration for
each i=1, 2, . . . , N −1. NowH 0K(i )=i (V ) as a K-module for i=1, . . . , N −1 where
i denotes the ith exterior power, and VkN . Furthermore,
H 0K(N−i )LK(N−i )LK(i )∗H 0K(i )∗
for i = 1, . . . , l [21, II 2.13(1), 2.15]. Therefore, in order to prove the theorem we need to
show that H 0K(i )|G is a tilting module for i = 1, 2, . . . , l.
For  = Bl and Dl , p = 2, H 0K(i )|G is a simple G-module for i = 1, 2, . . . , l
[1, p. 509] and is isomorphic to an inducedmodule forG. It follows thatH 0K(i )|G is a tilting
module. The characters of these modules are described in [10, 4.1]. On the other hand, for
=Cl , H 0K(i )|G is in general not simple, but is still a tilting module. The decomposition
into indecomposable tilting modules is provided in [26, Proposition 6.3.1]. 
For=Cl the structure ofH 0K(i )|G i=1, 2, . . . , N −1 can be quite complicated. This
was ﬁrst observed in work of Premet and Suprunenko [32].
3.3.
For X = A, (resp. B, C, D), let PX(N) be the set of partitions of N parametrizing the
set of nilpotent orbits for AN−1 (resp. Bl , Cl , Dl). We give a precise description ofPX(N)
[9, Theorems 5.1.2–5.1.4].
• PA(N): all partitions of N.
• PB(N): partitions of N such that even parts occur with even multiplicity.
• PC(N): partitions of N such that odd parts occur with even multiplicity.
• PD(N): partitions of N such that even parts occur with even multiplicity.
A very even partition in PD(N) is a partition of N with only even parts. If  ∈ PX(N),
letO be the corresponding nilpotent X-orbit. In the case for typeD, for very even partitions
, there are two orbits corresponding to the partition . We will denote the two orbits by OI
and OII . Let PX(N)res be the set of partitions  ∈ PX(N) such that O ⊆ N1(g).
3.4.
We can now provide an afﬁrmative answer to (1.1.5) for G simple and  of type An, Bn,
Cn or Dn.
Theorem 3.4. Let G be a classical semisimple group where  = Al , Bl , Cl or Dl with p
good. IfO is an orbit inN1(g) then there exists a tilting G-moduleM such thatVg(M)=O.
Proof. For  = Al all orbits are Richardson so the result follows from Theorem 2.4. Let
= Bl , Cl , Dl . For any  ∈ PX(N)res (X = B, C, D) where  is not very even for X = D
O = g ∩ OslN , O = g ∩ O
slN
 ,
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where OslN is the corresponding orbit for the partition  in slN(k). Since  ∈ PX(N)res, it
follows that OslN ⊆ N1(slN(k)). We have already shown that for  of type AN−1 there
exists a tilting SLN(k)-module M such thatVslN(k)(M) = O
slN
 . Therefore, by (2.1.5)
O = g ∩ OslN = g ∩VslN(k)(M) =Vg(M|G).
Furthermore, M|G is a tilting module by Theorem 3.2(b).
Now consider the case when  ∈ PD(N)res where  is very even (note that we have
N = 4m for some positive integer m by the existence of a very even partition). Then
OI ∪ OII = g ∩ OslN .
By looking at the elementary divisors given by the procedure in [8, p. 395] one can see that
the orbits OI and O
II
 are even orbits and hence Richardson. For these orbits the result now
follows by Theorem 2.4. 
4. Exceptional groups
4.1.
Let G be a simple algebraic group with char k = p good. Moreover, let  : G → K :=
SL(V ) be a faithful ﬁnite-dimensional representation of G. Set g = Lie(G), N = dim V
and let  denote the dominance ordering on partitions of N. For  a partition of N, let
O be the K-orbit inN(slN(k)) corresponding to the matrix with Jordan blocks of size .
Note that we have O ⊆ O if and only if . Now let  denote the ordering inN(g)
given by the inclusion of the closures of orbits. If e1, e2 ∈N(g) then e1e2 if and only if
G · e1 ⊆ G · e2. Furthermore, we say that e1e2 if and only if the partition corresponding
to the Jordan blocks of (e1) is less than or equal to the partition corresponding to (e2)
in the dominance ordering.
Throughout this discussion, let  be a complete set of G-orbit representatives inN(g).
We say that (,) is orbit faithful if and only if for e1, e2 ∈ , SL(V ) · e1 = SL(V ) · e2
implies that G · e1 = G · e2. The following lemma compares the G-orbits inN(g) with
K-orbits inN(sl(V )).
Lemma 4.1. If (,) is orbit faithful then SL(V ) · e ∩ g= G · e for all e ∈ .
Proof. Observe that SL(V ) · e ∩ g=⋃si=1 G · yi with yi ∈  for all i. For i = 1, 2, . . . , s,
yi ∈ g and yi ∈ SL(V ) · e. Therefore, SL(V ) · yi = SL(V ) · e. Hence, by our assumption
G · yi = G · e. 
Later we will see that for simple algebraic groups in good characteristics, a minimal
dimensional representation  admits a complete set of nilpotent orbit representatives  for
N(g) where (, ) is orbit faithful.
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4.2.
We have to consider what happens when one intersects closures of orbits inN(sl(V ))
with g.Assume that (,) is orbit faithful then can be identiﬁed with a subset ofPA(N).
For e ∈ , set
maxe = {f ∈  : fe, and f is a maximal element with respect to }.
Proposition 4.2. Assume that (,) is orbit faithful. Let e, f ∈ .
(a) If fe implies that fe then
SL(V ) · e ∩ g= G · e.
(b) More generally, one has
SL(V ) · e ∩ g=
⋃
f∈maxe
G · f .
Proof. Let e ∈  and assume that (,) is orbit faithful. Since G · z =⋃fzG · f and
SL(V ) · e ∩ g is closed in g, it follows that
SL(V ) · e ∩ g=
⎛
⎝⋃
fe
SL(V ) · f
⎞
⎠ ∩ g= ⋃
fe
SL(V ) · f ∩ g
=
⋃
fe
G · f =
⋃
f∈maxe
G · f . 
4.3.
For G a simple group letU(G) be the set of unipotent elements in G andU1(G) = {u ∈
U(G) : up = 1}. For good primes, there is a bijection between nilpotent orbits in g and
unipotent classes in G. Let Ad : G → SL(g) be the adjoint representation and ad : g →
sl(g) be the representation obtained by differentiating Ad. McNinch [27, Theorem 10] has
shown for very good primes that if u ∈ U1(G) and x is a corresponding class inN1(g)
then the partitions for the SL(g)-orbits of Ad(u) and ad(x) coincide.
Lawther recently showed that the Jordan block sizes under the adjoint representation for
unipotent elements and corresponding nilpotent element coincide. Furthermore, forminimal
dimensional representations he has also shown that the Jordan block sizes coincide except
for one case when p = 5 for the regular element in E7. The partition for the unipotent class
is (24, 22, 10) while the partition for the nilpotent element is (232, 10).
In this paper, we are only considering orbits inN1(g) so this class will not come into
play. Therefore, we can employ the tables given by Lawther in [23,24] which compute the
partitions corresponding to unipotent classes under minimal dimensional representations.
From [23, Table C] one can deduce that the orbit faithful condition is always satisﬁed for any
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given minimal dimensional representation. If  : G → SL(V ) is a minimal dimensional
representation with N = dim V then N = 27 (resp. 56, 248, 26, 7) for E6 (resp. E7, E8,
F4, G2).
4.4.
The minimal dimensional representations along with Proposition 4.2 in conjunction with
Lawther’s tables can be used to carefully analyze what happens when orbit closures are
intersected with g. This allows us to answer (1.1.3) for  of type G2 or F4.
Theorem 4.4. Let G be an exceptional simple group where = F4, or G2 with p good. If
O is an orbit inN1(g) then there exists a G-module M such thatVg(M) = O.
Proof. For  = G2, we see that the orbits are linearly ordered under . Therefore, by
Proposition 4.2(a), for any orbit O for G2, O ∩ g = O for some partition  of 7. From [7,
Theorem 4.8], there exists H 0K() for SL(V ) such thatVsl(V )(H 0K())=O

. It follows by
(2.1.5), thatVg(H 0K()) = O.
For=F4, all orbit closures can be realized as intersections with an orbit for sl(g) except
for the orbit O(C3) (when p = 7) and O(A˜2) (when p5) because
O
(9,62,5) ∩ g= O(C3) ∪ O(B3),
O
(5,37) ∩ g= O(A˜2) ∪ O(A2 + A˜1).
However, the orbits O(C3) and O(A˜2) are Richardson so by Theorem 2.4 one can realize
their orbit closures as a support varieties of (simple) tilting modules for G. 
4.5.
We begin our discussion for the exceptional cases of type E. For =E6, one can realize
all orbit closures as intersections of orbits for sl(V ) except for the orbit O(A5). Checking
this process again involves using Proposition 4.2 with Lawther’s tables. From this analysis
with the Hasse diagram for E6, we have for p5;
O
1 ∩ g= O(A5) ∪ O(D5(a1)) p = 7.
Also, note that for p = 7, one has
O
2 ∩ g= O(A5).
The partition labels for 1 and 2 are given in the tables in the Appendix.
In the case when p=7 the orbit closure ofO(A5) can be realized as the support variety of
a rational G-module. This shows that all orbit closures except possibly O(A5) when p = 7
can be realized as support varieties of G-modules.
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4.6.
Let = E7. By analyzing the Hasse diagram and applying Proposition 4.2 we ﬁnd that
there are six non-Richardson orbits whose closures cannot be realized as an intersectionwith
the closure of an SL(V )-orbit. These orbits are O(D6), O(D6(a2)), O(A′5), O(D4 + A1),
O(A5 + A1), and O(4A1). The decompositions are given below (p5). For an explicit
description of j , j = 1, 2, . . . , 5, see the tables in the Appendix.
O
1 ∩ g= O(D6) ∪ O(E6(a1)),
O
2 ∩ g= O(D6(a2)) ∪ O(E6(a3)),
O
3 ∩ g= O(A′5) ∪ O(D5(a1) + A1) p = 7,
O
4 ∩ g= O(D4 + A1) ∪ O(A4),
O
5 ∩ g= O(A5 + A1) ∪ O(D5(a1) + A1) p = 7,
O
6 ∩ g= O(4A1) ∪ O(A2).
Therefore, all the closures of orbits for E7 with the exception of 6 possible orbits O(D6),
O(D6(a2)), O(A′5), O(D4 + A1), O(A5 + A1), and O(4A1) can be realized as the support
variety of a G-module.
4.7.
Finally let  = E8. First, we determine the non-Richardson orbits whose closures can
be realized by intersecting with the closure of an SL(V )-orbit by using Proposition 4.2. All
such orbits can be realized as support varieties of G-modules. There are 13 non-Richardson
orbits which are not obtained in this fashion:O(E7),O(D7),O(E7(a2)),O(E6+A1),O(D6),
O(E7(a4)), O(D5 + A1), O(D6(a2)), O(A5 + A1), O(A5), O(D5(a1) + A1), O(D5(a1)),
O(D4+A1).We list below the intersection of the corresponding SL(V )-orbit with g (p7).
Again see the tables in the Appendix for the description of j , j = 1, 2, . . . , 13.
O
1 ∩ g= O(E7) ∪ O(E8(a4)),
O
2 ∩ g= O(D7) ∪ O(E8(b5)) p = 7, 17,
O
3 ∩ g= O(E7(a2)) ∪ O(E8(a6)),
O
4 ∩ g= O(E6 + A1) ∪ O(D7(a1)),
O
5 ∩ g= O(D6) ∪ O(D7(a2)),
O
6 ∩ g= O(E7(a4)) ∪ O(A6 + A1),
O
7 ∩ g= O(D5 + A1) ∪ O(E8(a7)),
O
8 ∩ g= O(D6(a2)) ∪ O(E6(a3) + A1),
O
9 ∩ g= O(A5 + A1) ∪ O(D5(a1) + A2) p = 7,
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O
10 ∩ g= O(A5) ∪ O(D5(a1) + A1) p = 7,
O
11 ∩ g= O(D5(a1) + A1) ∪ O(A4 + A2 + A1),
O
12 ∩ g= O(D5(a1)) ∪ O(2A3),
O
13 ∩ g= O(D4 + A1) ∪ O(D4(a1) + A2) ∪ O(A4).
We can realize three of these orbit closures using appropriate intersection techniques.
From the Hasse diagrams, observe that
O(E7(a4)) = O(E6(a1)) ∩ O(D5 + A2),
O(D5(a1) + A1) = O(E6(a3)) ∩ O(D4 + A2).
This shows that O(E7(a4)) and O(D5(a1) + A1) can be expressed as the intersection
of the closures of Richardson orbits (using [16]). Therefore, by (2.1.2) and [7, Theo-
rem 4.8], it follows that these two orbit closures can be realized as support varieties of
G-modules.
Now consider the orbit O(A5). From our list above, there exists a G-module M such that
Vg(M) = O(D6(a2)) ∪ O(E6(a3) + A1). Moreover, there exists a G-module N such that
Vg(N) = O(E6(a3)). By using the Hasse diagram one can verify that
Vg(M ⊗ N) = [O(D6(a2)) ∪ O(E6(a3) + A1)] ∩ [O(E6(a3))] = O(A5).
4.8.
The following theorem summarizes our ﬁndings for the exceptional groups E6, E7 and
E8 by combining the results in Sections 4.5–4.7 along with the explicit description of the
restricted nullcone given in [7, Section 4.4]. Note that in some instances the orbits which
cannot be realized lie outside the restricted nullcone (e.g. when p = 5) which allows us to
exclude these cases.
Theorem 4.8. Let G be an exceptional simple group where =E6, E7, E8 with p good. If
O is an orbit inN1(g) then there exists a G-module M such thatVg(M) = O in all cases
with the (possible) exception of the following orbits.
(i) = E6 and p11: O= O(A5);
(ii)  = E7: O = O(D6) p11, O(D6(a2)) p7, O(A′5) p11, O(D4 + A1) p7,
O(A5 + A1) p11, O(4A1) p5;
(iii)  = E8: O(E7) p = 7, 11, 13, 17, O(D7) p = 7, 11, 17, O(E7(a2)) p = 7, 11,
O(E6 + A1) p = 7, 11, O(D6) p = 7, O(D5 + A1) p = 7, O(D6(a2)), O(A5 + A1)
p = 7, O(D5(a1)), O(D4 + A1).
We remark that using the adjoint representation for = E7, one can actually realize the
orbit closure of O(4A1) as the support variety of a G-module.
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4.9.
Let  : G → SL(V ) and N = dim g be as in Section 4.3. The duality 	 on SL(V )-
modules restricts to the transposed duality on G-modules. Therefore, for i = 1, 2, . . . N −
1, H 0K(i )
i (V )i (V )	 = H 0K(i )	. Also, i (V )∗N−i (V ). From these facts, it
follows that in order to show that H 0K(i )|G has a good G-ﬁltration for all i, it sufﬁces to
show that H 0K(i )|G has a good G-ﬁltration for all i = 1, 2, . . . [(N + 1)/2]. Assuming this
is true, one can deduce by Proposition 3.1, if M is a tilting module for SL(V ) then M|G
is a tilting G-module. When the prime is sufﬁciently large, one can provide an afﬁrmative
answer to (1.1.5) for the exceptional Lie algebras with the (possible) exceptions of the orbits
listed in Theorem 4.8.
Theorem 4.9. Let G be an exceptional simple algebraic group and let  : G → SL(V ) be
a minimal dimensional representation of G. Assume the following conditions on the primes
for :
(i) G2: p5,
(ii) F4: p17,
(iii) E6: p17,
(iv) E7: p29,
(v) E8: p97.
Let O be an orbit inN1(g) which is not listed in Theorem 4.8. Then there exists a tilting
G-module M such thatVG(M) = O.
Proof. TheG-modulei (V ) is a summand of V ⊗i for p> i [1, 4.1(5)] and thus has a good
G-ﬁltration. Therefore, for p> [(N + 1)/2], one can say that if M is a tilting module for
SL(V ) thenM|G is a tilting G-module. Observe that the bound on the prime forE8 is much
smaller than [(N + 1)/2]. The minimal representation for E8 is the adjoint representation
and it was shown that i (V ) is semisimple for p> 3h − 3 [13, Proposition 1.1].
Now by using the procedures given in Sections 4.4–4.7 along with Theorem 2.4 one can
assume that M is a tilting module (by choosing an induced module with minimal weight).
Also note that the tensor product of tilting modules is also a tilting module so the reductions
in Section 4.9 are also valid for these primes. 
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Appendix A. Tables
A.10.
The following tables describe the partition labels in Sections 4.5–4.7 where p is a good
prime.
Type E6 Label Prime Partition
1 5, 11 (9, 62, 5, 1)
2 7 (72, 62, 1)
Type E7 Label Prime Partition
1 5, 7, 13 (16, 112, 10, 6, 12)
11 (114, 10, 12)
13 (132, 112, 6, 12)
2 5, 11 (10, 8, 72, 54, 4)
7 (76, 52, 4)
3 5, 11 (92, 64, 52, 14)
4 5, 11 (8, 74, 6, 25, 14)
7 (76, 25, 14)
5 5, 11 (10, 72, 63, 52, 4)
6 5 (4, 36, 214, 16)
Type E8 Label Prime Partition
1 7 (35, 282, 214, 144, 72, 13)
11, 37 (35, 282, 27, 23, 19, 182, 15, 11, 102, 3, 13)
13 (35, 282, 27, 23, 19, 182, 132, 102, 3, 13)
17 (35, 282, 27, 23, 182, 172, 11, 102, 3, 13)
19 (1911, 182, 13)
23 (239, 15, 102, 3, 13)
29 (292, 282, 27, 19, 182, 15, 11, 102, 3, 13)
31 (312, 282, 23, 19, 182, 15, 11, 102, 3, 13)
2 11 (23, 222, 19, 162, 133, 117, 42, 3, 13)
13 (1317, 122, 13)
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Type E8 Label Prime Partition
19 (197, 133, 122, 11, 102, 7, 42, 3, 13)
23 (23, 222, 19, 162, 15, 133, 122, 11, 102, 7, 42, 3, 13)
3 7, 11, 23 (23, 19, 182, 17, 162, 152, 112, 102, 9, 82, 7, 42, 32, 13)
13 (138, 42, 3, 13)
17 (179, 15, 11, 102, 9, 82, 7, 42, 32, 13)
19 (193, 182, 17, 162, 15, 112, 102, 9, 82, 7, 42, 32, 13)
4 7, 11, 23 (23, 182, 173, 162, 15, 11, 102, 93, 82, 32, 24, 13)
13 (1318, 3, 24, 13)
17 (179, 15, 102, 93, 82, 32, 24, 13)
19 (192, 182, 173, 162, 11, 102, 93, 82, 32, 24, 13)
5 7, 19 (19, 164, 15, 116, 104, 7, 64, 3, 110)
11 (1118, 104, 110)
13 (1312, 115, 64, 3, 110)
17 (172, 164, 116, 104, 7, 64, 3, 110)
6 7, 17 (15, 13, 122, 114, 104, 92, 82, 73, 62, 52, 44, 34, 22, 13)
11 (1112, 102, 9, 82, 72, 62, 52, 44, 34, 22, 13)
13 (133, 122, 113, 104, 92, 82, 73, 62, 52, 44, 34, 22, 13)
7 7, 17 (15, 122, 115, 104, 93, 82, 7, 62, 54, 42, 32, 26, 16)
11 (1111, 102, 93, 82, 62, 54, 42, 32, 26, 16)
13 (132, 122, 114, 104, 93, 82, 7, 62, 54, 42, 32, 26, 16)
8 7 (729, 54, 44, 3, 16)
11 (112, 104, 9, 84, 77, 64, 55, 48, 33, 16)
9 11 (11, 104, 93, 82, 75, 68, 57, 44, 32, 24, 16)
10 11 (11, 102, 97, 7, 614, 57, 42, 3, 117)
11 7 (728, 42, 36, 210, 16)
11 (11, 93, 86, 78, 66, 53, 42, 37, 210, 16)
12 7 (728, 37, 28, 115)
11 (11, 9, 88, 78, 68, 5, 38, 28, 115)
13 7 (728, 3, 214, 121)
11 (11, 86, 714, 66, 32, 214, 121)
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